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Figure 1: Bidirectional Path Tracer 4 Steps.

ABSTRACT

This report presents a comprehensive analysis of bidirectional path
tracing (BDPT) integrated with multiple importance sampling (MIS)
techniques, aimed at enhancing the efficiency and accuracy of ren-
dering in computer graphics. Bidirectional path tracing is a robust
light transport simulation method that combines two tracing pro-
cesses: one starting from the camera and the other from the light
sources. However, the integration of MIS within BDPT is critical.
We discuss the theoretical foundations of MIS in the context of
BDPT, highlighting how it mitigates issues related to redundant
path sampling and the challenges in weighting path contributions
correctly. Experimental results, based on a series of complex virtual
scenes, demonstrate that the combined BDPT-MIS approach signifi-
cantly outperforms standard path tracing methods in terms of both
speed and image quality. The paper concludes with a discussion of
practical implementation strategies and potential areas for future
research in the optimization of light transport algorithms.
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« Computing methodologies — Ray tracing.
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1 INTRODUCTION

Rendering realistic images through light transport simulation is
pivotal in computer graphics, but it often faces challenges like high
variance and slow convergence, especially in complex lighting sce-
narios. For example, if the area of illumination region is rather
small, it can be difficult for path tracers to find a path touching
the light sources. Bidirectional path tracing (BDPT) enhances tra-
ditional path tracing by initiating rays from both the camera and
light sources, improving efficiency in difficult lighting conditions.
However, BDPT can still struggle with scene complexity.

Integrating Multiple Importance Sampling (MIS) with BDPT op-
timizes the rendering process by combining different sampling
strategies to reduce variance. This paper explores the theoretical
and practical aspects of combining BDPT with MIS, demonstrating
through experiments that this approach outperforms traditional
methods in both speed and image quality. We aim to provide insights
into their application and potential improvements in real-world
settings.

2 LIGHT SOURCES

In order for objects in the scene to be visible, there must be a source
of illumination so that some light is reflected from them to the
camera sensor. In the past assignments we have implemented the
light through materials. Namely, the material can be emissive and
thus provide illumination. We have implemented a diffuse area
light called DiffuselLight, inherited from the base class Material.
It has been a good light source for providing area light, and we
have been using it throughout the whole semester on the quad
light in the scenes. However, the ideal delta light sources cannot be
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implemented using oubiffuseLight , technically because their
foundamental di erence in sampling behaviors.

Therefore, before starting on the BDPT algorithms, we may want
our ray tracer to provide complete support to the delta light sources
as well.

2.1 DeltaPoint Class

A deltalight source refers to an idealized point light source that
emits light from a single, in nitesimally small point. These types
of light sources are characterized by having a highly directional
output, emitting light in a speci c direction with a distribution that
approximates a Dirac delta function. Due to their in nitesimal size,
delta light sources do not have a surface area from which light can
be emitted in di erent directions, which makes them distinct from
area light sources.

In previous assignments, area lights were treated as inherently
emissive materials, with materials being applied to surfaces that
carry these properties. We have developed ®erface class to

Tao etal.

ThesampleOn()function samples a random point on the surface,
andpdfOn() returns the probability density of the sample gener-
ated bysampleOn()

Adding these functions to th&urfaceBase class, we will re-
quire all the derived classes to implement their own corresponding
overridden functions. This can be done by simply changing the
original sample() function, since originally we also need to sample
a point on the surface; we are basically ignoring the input query
origin. In fact, we can simply returrsample(Vec3f(0.f)) .

Back to theDeltaPoint class. The point is representing a space
that occupying zero volume. Therefore, if we want to sample a
point onthe point, we can only return itself.

/I quad.h
hSample and Probability Functions
Vec3f sampleOn(const Vec2f &sample) const {
return m_xform.point(Vec3f(0.f));

}
Similarly, if we want to sample a direction from a poimtto the

represent surface geometries. In our code, emitters have also been delta point, we simply return the vector that points from to the
considered surfaces. To minimize the need for extensive code re- delta point

structuring, it is logical to introduce a class representipgint ge-
ometries, utilizingSurfaceBaseas the foundation. This approach
should be adopted even though a point geometry di ers signif-
icantly from other geometries like quads, triangles, spheres, or
meshes.

2.1.1 Declaration and Definitiomhis section describes the decla-
ration of theDeltaPoint class. Itis declared imclude/dirt/quad.h
and de ned insrc/quad.cpp .

/I quad.h
class DeltaPoint :
public:
hConstructoris
hSample and Probability Functions
hOther Overriding Functions

public Surface {

protected:
hDelta Point Protected Data

b

There is not much to elaborate on regarding the constructors, so
we will skip this section. The crucial and distinctive aspects lie in
the sampling and probability density functions. These elements
fundamentally di erentiate point geometries from other types of
geometries.

2.1.2 Samplindnthe semantics of our code base, ttemplefunc-
tion for a surfaceA returns a vector that points from a query point
oto A . On the other hand, we would also like to get a random point
on the query surface. Therefore, we should add another sampling
function calledsampleOn()in the baseSurfaceBaseclass.

In include/dirt/surface.h , revise the code oSurfaceBase

/I surface.h
hSurfaceBaseClass Code Base
virtual Vec3f sampleOn(const Vec2f &sample) const
{ return Vec3f (0.f); }
virtual float pdfOn(const Vec3f &v) const
{ return 0.f; }

/I quad.h
hSample and Probability Functiops
Vec3f sample(const Vec3f &o, const Vec2f &sample)
const {
return m_xform.point(Vec3f(0.f)) - o;

}

Now, the functionpdfOn() describes the probability density of
sampling the point returned bygampleOn() This should always
return 1 for a delta point, as long as the input point is returned
from DeltaPoint::sampleOn() .

/I quad.h
hSample and Probability Functiops
float pdfOn(const Vec3f &v) const {
return 1.0f;
}

Finally, the functionpdf() returns the probability density of the
direction generated bgample(). It is clear that if a ray shooting
from the query origino with direction v does not go through the
point, it is considered a miss, therefore return O probability density.
However, if it indeed hit the point (by checking it actually goes
through the point), we return 1 in our structure. This is because
this direction can only be found if we use owample() function
to generate this direction, considering the point is in nitesimally
small.

/I quad.h
hSample and Probability Functiops

float pdfOn(const Vec3f &v) const {
auto ray = Ray3f(o, v);

Hitinfo hit;
if(intersect(ray, hit)) return 1.0f;
return O0.f;
}
Here we used théntersect()  function which we will cover soon.
2.1.3 Intersection ery. Theintersect() function trivially checks

if the ray pass through the point, but since we can only save the
position of our point using nitely-accurate oat number, we will

have rounding error. We need to address this error by using a small
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valuenwhen checking zero, instead of compare it directly with zero.
In the semantics of our code base, we also requireittiersect()
function to set up the hit information.
/I quad.cpp
hOther Overriding Functions

bool DeltaPoint::intersect(const Ray3f &ray, Hitinfo

&hit) const {
INCREMENT_INTERSECTION_TESTS;

/I compute ray intersection (and ray parameter).

/I continue if not hit

auto tray = m_xform.inverse().ray(ray);

float t = -tray.o.z / tray.d.z;

auto p = tray(t);

if(abs(p.x) >= Epsilon || abs(p.y) >= Epsilon) {
return false;

}
Vec3f gn =
normalize(m_xform.normal(-normalize(ray.d)));

Vec2f uv = Vec2f(0.f);

hit = Hitinfo(t, m_xform.point(p), gn, gn,
uv, m_material.get(),
m_medium_interface.get(), this);
return true;

}

2.1.4 Bounding BoMaintaining a bounding box for a point might
appear awkward, but as previously mentioned, it's necessary to
account for rounding errors. Therefore, instead of de ning a bound-
ing box with strictly zero volume, we assign it a slightly looser
boundary.
/I quad.cpp
hOther Overriding Functions

Box3f DeltaPoint::localBBox() const {

return Box3f(-Vec3f(Epsilon), Vec3f(Epsilon));
}

2.1.5 Private Dat&Ve will keep the similar information as what
other Surfaces do. The only di erence is that the size of the point
should be strictly zero.
/I quad.h
hDelta Point Protected Dafa

Vec2f m_size = Vec2f(0.f);

shared_ptr<const Material> m_material;

shared_ptr<const Mediuminterface> m_medium_interface;

And these complete th®eltaPoint class.

2.2 Light Class

Initially, our code base did not feature a distinct class for lights; in-
stead, lighting e ects were achieved by applyifdaterial s, speci -
cally DiffuseLight , to surfaces. Although delta lights are typically
di erentiated from emissive materials in most game engines and
commercial renderers, our existingeltaPoint class treats points
as a subset ofurface. Consequently, if we decide to introduce a
dedicated class for lights, it would be logical to derive thight
class fromMaterial , aligning with our current architecture and
simplifying integration.

In include/dirt/light.h and src/light.cpp
code for implementing the lights.

, we have the

2024-04-29 05:48. Page 3 0f 1 13.
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/I light.h 291
class Light : public Material { 292
public: 293

virtual Color3f emitted(const Ray3f &ray, const

Hitinfo &hit) const 204
{ return Color3f(0.f); }; 295
bool isEmissive() const override 296
{ return true; } 297
virtual bool isDelta() const
298
{ return false; }
299
Color3f emit; 300
} 301
302
: : 303
2.3 Point Light
304
Now we have the correct geometry to represent the behavior of a ;.

point, and we can start implementing the point light source usinga ;.
delta point. Following the conventiorRointLight s are positioned .,
at the origin in the light space, but for the sake of convenience, we
may also maintain a world space position of the point lights using ;4
aVec3f.

310

2.3.1 Mathematical Representatibar point lights, which are L
light sources that distribute energy uniformly across a sphere sur- 2
rounding the light, let represent the radiant ux of the point light.
Assuming uniform energy distribution across the surface of the 14
sphere, the irradiance at any point on the sphere's surface, with  *°
radiusA is calculated by dividing the total ux by the surface area: Zii
" 318

T 1R D

320

Radiance is de ned as the ux per unit solid angle per unit pro-
jected area. For a point light, the projected area is e ectively the >
same in any direction because there is no cosine term that typi- **
cally appears with extended surfaces. Thus, the radiance can be'”
expressed simply as: 324

21

325
[E— 2 326
4c ( ) 327
Notice that this is irrelevant with respect to the distanée 228
2.3.2 ImplementatioNow we can startimplementingointLight . 222
Obviously,PointLight is a derived class ofight , so we basically wr
should overwrite theemitted() function. Theemitted() function
. - . . 332
takes an inputRay3f ray, as well as a hit informatiorHitinfo .
hit . However, according to the de nition of a light with Dirac delta was
distribution, we know that it only emits the direction where the s
ray actually hits the light. Thus, the function becomes trivial. w6
In include/dirt/light.h and src/light.cpp , we have the
. . . . 337
code for implementing théointLight . .
/I light.cpp 339
Color3f PointLight::emitted(const Ray3f &ray, const 340
Hitinfo &hit) const { 201
if (abs(hit.p.x-position.x)<Epsilon
&& abs(hit.p.y-position.y)<Epsilon 842
&& abs(hit.p.z-position.z)<Epsilon) 343
return emit; 344
else 245
return Color3f(0.f);
} 346
347
348
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2.3.3 ResultdJsing the above implementation, we can success-

fully output a correct rendering ofPointLight . For now we are
using thePathTracerMISintegrator, simply because we know that
naive stochastic path tracer will always fail in nding a light path
that goes through a delta light.

Figure 2: Paint Light Cornell Box Scene (128 spp / 64 max
depth) using PathTracerMIS

2.4 Spotlight

Spotlights serve as a practical adaptation of point lights; instead

of dispersing light in all directions, they concentrate their beam
within a directional cone. For ease of de nition within the light
coordinate system, we will place the spotlight consistently at the
position 10»0»0° and direct it along a direction vectod.

2.4.1 Mathematical RepresentatiSpotlights are also delta lights,
which means the position for a single spotlight is just the position
for the illuminating point. In Figure 3, it shows the important data
describing a spotlight.

Other than the intensity and position, the following quantities
also identi es a spotlight:

Inner angle \iyner- It identi es the angular region where
radiance does not fallo with respect to the smaller angle

between the (reversed) incoming ray direction and the spot-

light direction d.

Outer angle \ outer- It identi es the angular region where it
is still covered by the spotlight with respect to the smaller
angle\ between the (reversed) incoming ray direction and
the spotlight directiond, but radiance starts to fallo with
respect to the cosine value bf

Fallo. It describes the attenuation whereos\ falls be-
tweencos\ jnner aNdCos\ outer-

2.4.2 Implementatio®imilar to thePointLight s, SpotLight s
are also derived frontight . In the SpotLight class, we should

also keep track of the information we mentioned in the last section.

Tao etal.

Figure 3: Spotlight.

In include/dirt/light.h andsrc/light.cpp , we have the code

for implementing thePointLight .

/I light.h
hSpotlight Public Daia
Vec3f position;
Vec3f direction;
float coslnnerAngle;
float cosOuterAngle;
float falloff = 0.5f;
Similarly as what we have done for tHeointLight , theSpotLight
needs its owremitted() function.
/I light.h
Color3f SpotLight::emitted(const Ray3f &ray, const
HitInfo &hit) const {
if (abs(hit.p.x-position.x)<Epsilon
&& abs(hit.p.y-position.y)<Epsilon
&& abs(hit.p.z-position.z)<Epsilon) {
Vec3f lightDir = -normalize(ray.d);
float cosTheta =
dot(lightDir, normalize(direction));

hProcess Angular Attenuation

}

/I return black otherwise
return Color3f(0.f);
}
Itis clear to see that, given the, the angle between the reversed
ray direction and the spotlight direction, it should fall on one of
the following three cases:
Case 0Xcos\ | €oS\inner)- In this range, we have no angu-
lar attenuation.
Case 02cos\ Y coS\ guter). In this range, the ray is not
covered by the spotlight.

Case 03otherwise). In this range, we should have angu-

lar attenuation depending on whereos\ locates at in the
interval of »C0s\ gyter*COS\ inner¥4

With these in mind, we should be able to nish the remaining part
in SpotLight::emitted ()

2024-04-29 05:48. Page 4 of 1 13.
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/I light.cpp
hProcess Angular AttenuatiQn
float angleAttenuation;
if(cosTheta > coslnnerAngle) {
angleAttenuation = 1.0f;
} else if(cosTheta > cosOuterAngle) {
float t =
(cosTheta - cosOuterAngle)
| (cosinnerAngle - cosOuterAngle);

angleAttenuation = pow(t, falloff);
} else {
angleAttenuation = 0.0f;

}

return emit * angleAttenuation;

2.4.3 ResulUsing the above implementation, we can successfully
output a correct rendering oSpotLight . Similarly we are using
the PathTracerMISintegrator.

Figure 4: Spotlight Cornell Box Scene (1024 spp / 128 max
depth) using PathTracerMIS

3 BIDIRECTIONAL METHOD:
MATHEMATICAL REPRESENTATION

We have concluded our exploration of light sources and now have a
comprehensive representation of various lighting elements within
the scene. This section details the mathematical formulations under-
lying the basic rendering equation, path tracing, and the use of the
Monte Carlo method for solving integral equations. Additionally, it
introduces a bidirectional estimator.

3.1 Light Transport Equation

The Light Transport Equation (LTE), or Rendering Equation, can
be used to describe outgoing radiance on any surface point. The
amount of outgoing radiancé1x+8 »° from point x in direction

8> can be computed as the sum of emitted radiance and re ected
radiance. [3]

I1Xe850 =1 41850, | A1X*85° 3)
2024-04-29 05:48. Page 5 of 1 13.
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Emitted radiance 41x+8 >° from point xin direction 8 > is de ned 523
only in light sources, otherwise it is zero. 524
. 525

Ialxe850=  11x% 8PHIxe88:0ny 8gid8g  (4)  s26

527

Re ected radiancéalx+8 >°is computed as allincoming lightinthe 528
point x, re ected in the direction8 > where! 1ix% gg° represents 529
all incoming radiance from the directio8 g. To nd out how much 530
radiance is actually r e ected, it is multiplied by thiidirectional 531
re ectance distribution functioBRDF)x!x*8 g8 >°. Finally, it is 532
multiplied with the dot product between the normal vector inthe  sz3
point xand the direction8 g. 534
535

3.2 Importance Transport Equation 536

The problem that a global illumination algorithm must solve isto 537
compute the light energy that is visible at every pixel in an image. 538
Each pixel functions as a sensor with some notion of how it responds 53°
to the light energy that falls on the sensor. Thiesponse function  54°
captures this notion of the response of the sensor to the incident 54
light energy. This response function is also called thetential 5%

functionor importanceby di erent authors. [1] 543
The Importance Transport Equation (ITE) is similar in formto 5%
the Light Transport Equation: 545
546

, 1xe8s5°=, 41X'8 >0 .y A1X'8 >0 (5) 547

548
549
550

Emitted importance 4'x+8° will capture the extent to which the
surface is important to the image.
1

, Alxe850= | 1x% 8PmIxe8e8:%n 8Ljd8g () O

552

Re ected importance alx+8° is computed as all incoming im- 52
portance in the pointx, re ected in the direction8 ». Notice the %
similarity to the Equation(4). 585
Importance ows in the opposite direction as radiance. An infor- 556
mal intuition for the form of the Importance Transport Equation %7
can be obtained by considering two surfacksandB. If surfaceA 558
is visible to the eye in a particular image, theny1A° will capture 559
the extent to which the surface is important to the image(some °%°
measure of the projected area of the surface on the image). If sur->%*
faceB is also visible in an image and surfade re ects light to 562
surfaceB, due to the importance oB, A will indirectly be even 563
more important. Thus, while energy ows fror\ to B, importance 5
ows from B to A . [1] 565
566

3.3 The Measurement Equation 567

The LTE formulates the steady-state distribution of light energy in
the scene. The ITE formulates the relative importance of surfaces57
to the image. TheMeasurement Equatidarmulates the problem
that a global illumination algorithm must solve 1] This equation
brings the two fundamental quantities, importance and radiance, 7
together as follows.

For each pixeBin an image," grepresents the measurement of

radiance through that pixeB The Measurement Functich is [5]:
1 1

0
571

576

" 9= ) 41931)( Im *8°1 8'X |m *8°jnx,, 8dBdA m e
A 578
(7) 579

580
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3.4 Stochastic Path Tracing

Stochastic Path Tracing solves the Light Transport Equation (3)

by using Monte Carlo integration. Instead of integrating over the

whole hemisphere, this algorithm samples the hemisphere to get the

single direction8 g. The radiance re ected fron8 gis then divided
by a probability density function (PDF) of the samplit&g, using
the distribution that samples the direction.

Using Monte Carlo estimation, the Light Transport Equation is
the following:

11x% 8 P5Ix+8 850Ny 8¢
218¢°

| 1xe8 >0 = !41)('8 >o R

8)

where ?18 & is the probability density of the directior8 g being

sampled. Equation(8) can be obviously evaluated in a recursive
manner. A ray can be traced from the camera into the nearest hit

point X, then sample a new directioi g abovex, and repeat these

steps until a de ned maximal depth, or bounces, has been reached,
or some kind of termination condition, such as Russian Roulette,

has been triggered, described in Veach thesis [7].
The signi cant problem of the algorithm mentioned above is that
many paths will never hit a light source, therefore their contribution

will be zero. This problem becomes more severe when delta lights
exist in the scene, because the probability of hitting the delta lights

will always be zero. This can be solved by applying strategies such
as Next Event Estimation (NEE) which separates the direct and

indirect component from (4), such as Shirley et al.[6]. It gives us:

FalX*85° =1 girect, !indirect ©)

The rst part of the right side of (9) represents the directional
lighting. This can be computed as:
1

(10)

|
! direct = A L4y | XOoIXexy© 1xey°3Ag

Here,! 4ty I x°is the emitted light from some poiny,!xy is the
normalized direction vector pointing fronx toy and  *xey? is the
geometric coupling termhown as the following diagram.

Figure 5: Geometric Coupling Term.

Itis de ned as:
. | .. | .
oINx XYyJIny yX|
ix yii?
where+ 1xey° is the visibility test function, which is equal to 1 if a

ray can be shot directly fronx to y without hitting anything else,
otherwise it is equal to 0.

txey© = + 1xey (1)

Tao etal.

3.5 Applying Path Integral

The Light Transport Equation (3), which is integrated over all di-
rections, can be transformed with the path integral formation of
the light, as presented in Veach thesig[into a nite equation

which is integrated over surface area. So the overall problem can

be rewritten as: 1

Ip= " gotPod (12)
In the above equatior,grepresents the radiance that ow through
apixel,and are all the possible light paths in the scere presents

a single light path, and' g is a measurement function of light
contribution. Intuitively, this integral is describing that by taking
integral over all the possible path contributions from a pixel, we

will be able to evaluate the radiance passing through that pixel.

Also, Equation (12) can be approximated using Monte Carlo

integration by taking the average ¢f randomly sampled paths:

1 é " 91F)80

m 1P
#8:0'P8

Hpi:

(13)

where?1Pg° is the PDF of sampling patRg.
As written in Veach thesis], the PDF is usually given in respect
to the solid angle?18 ©, for example, when sampling a new direction

639
640
641
642

657

659
660
661

using the BRDF. We need to convert into a PDF with respect to es2

surface are&1x°, using the Jacobian term to account for the ratio
between the di erential area and di erential solid angle:

o
2150 = p1go JNx XY

= - (14)
jix yij?

Similarly, if we apply Monte Carlo integration on a concrete mea-

surement (9) with conversion to the surface area, then we get:

¢}

lp=t
P #

! pg (15)
80

where! p is aradiance measurement of pixel ahg, is the radiance
of a single sample. After applying the path integral b, we get:

(6]
! Pg = C
G0
where cis the contribution of a single path of lengt@and# is
the maximum path length.
Now apply Monte Carlo integration on the contributiong and
this will give us:

(16)

]
1 4yeyx ® | l
c= Lilxcyxm(cxe 1° Xcy°

?lyo
|

| I . I . 17
O 5uxgxg 1XeXaXs 1%Nxs X8Xg 1] @n

&1 ?ixg 1x¢°

wherey is a point sampled on the light source. The rst part of
the Equation (17) corresponds to the direct lighting fragnto x¢,
where! 4lysyx® is the amount of radiance from point going in
the direction towardsxc Then it is multiplied with the geometric

coupling term, de ned in Equation (11) and also with the BRDF.

The rest of the equation belongs to indirect lighting. It is computed

663
664
665
666
667
668

670
671
672
673
674
675
676
677
678
679
680
681
682
683
684

686
687
688
689
690
691
692
693
694

for each vertex on the path as the product of PDF and cosine term 695
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Bidirectional Path Tracing with MIS and Light Sources

calculated using the dot product of the normal and unit direction
vector, divided by the PDF relative to the BRDF.

3.6 Bidirectional Approach

This approach integrates the strategies of gathering and shooting
rays. Gathering rays from a point on a surface is referred to as

path tracing, which is de ned in the preceding Equation (17). The
principle of shooting rays is known abght tracing which must be
de ned to complete the BDPT formulation.

As demonstrated in Veach's thesig][ each measurement can

be expressed in the form of Equation (12) using the path integral

framework. Light tracing, which represents a light path from a

point on the surface of a randomly selected emitter in the scene,

can be formulated as:

| & jj(’/ﬁixel O/Qamereij2
'p = B— v (18)
co\ pixel
where the sum represents the path from poiyg (the rst point on
the light path, which is randomly sampled from one of the emitters
in the scene) to the maximum path length, , gis the single path
contribution, and the rest of the equation is the conversion from
ux to radiance.

The contribution gcan be computed as:

'41yo'YOY1
2Ly &
Yo' Yoy1°
1ydyax® O 1 By / oiny. | -
41X%ypX A'YegYg 1YYeYs 1°INy, YeVs 1)
21x0 ,;i o
&1 Yg 1Y8
The rst partis the emltted light! 1yfy0y1° from light source at
pointy. The PDF?lyfyOyl is probability of selecting a ray in the

direction’ Yoy 1. Considering a light that has an uniform distribution
of the emitted light, then PDF is:

o Nye Ve 1YB‘YBYB 1° tygXx°
! (19)

| 1 1
2y¢YoY1° = o< (20)

2 ight

where ﬁ arises from uniformly choosing a point on the emitter,

and 213 originates from uniformly selecting a direction over the
hemisphere above the poiy., 41x‘|yBx° represents the impor-
tance of the light ray traveling directly from the light source to

the pixel. This equals 1 when the ray is in front of the camera and
when using a pinhole camera, where only one direction exists for

each pointx. Furthermore, when using a pinhole camefdx® is
also equal to 1, as only can be chosen as a point.

The next part5q1yB-yB 1YE* yByB 1° ygex°comesfromadirect
ray from ygto the camerax. The remaining part of the equation
is the product of the BRDF, multiplied with the cosine term and
normalized by the PDF.

3.7 BDPT Estimator

We have already de ned both strategies of ray evaluation: one
comes from the light, the other comes from the camera. Bidirec-

tional path tracing can then be de ned as

& &
Hpi= FB.c B-C
B=0 G=0
2024-04-29 05:48. Page 7 of 1 13.
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where g.ds the unweighted contribution of a path witBvertices
on the light path andCvertices on the camera path. A visibility
test betweerB" vertex on the light path and®" vertex on the
camera path is a part of the geometric coupling term in contribution
function. And nally, each path should be assigned to a weight
function valueF g.¢

The evaluation of g.glepends on the camera and light path.

%o.o if B=0C=0

e IfBj 00C=0

= 22

BCEOC ifB=0C 0 (22)
: Otherwise.

We have four important cases to address for[4]:

Case 01(B= 0= C= 0): lightis directly visible from the camera.
The evaluation can be done with direct path between the
point x andy,

| "
00 = !4tyo*yoX® Yox°

Case 02(Bj 0 C= 0): this means we havBvertices on light

755
756

758
759

774
775

path and zero vertices on camera path, which represents 776

the classic light tracing algorithm. The contribution can be
evaluated using Equation (19).

BO= B

Case 03(B= 0 Cj 0): this means we have zero vertices on
light path andCvertices on camera path, which represents
the classic path tracing algorithm. The contribution can be
evaluated using Equation (17).

oCc= C
Case 04(B;j 0-Cj 0):the nal case is the evaluation of radi-
ance, fromCcamera vertices connected witBlight vertices
of the light path, reaching the pixel.
|
_ 'a'yoryoys°
- D1y o (o]
7Yo'YoY1
| | | |
WXCYBXCXOXC 17 R YEYRYB 17YBXC
| | . | Lt
O 5ixgixg 1xaXexs 1°)Nx, 'XeXa 1]
&1 ?ixg 1x¢°
O 51ydye yes ©inye Veve 1
A'Ye'Yg 1YYeYs 1°iNy, YeVs 1l
T
&1 ?1yg 1Y’
3.8 Weight Function

Many ways to create a weight functioR g.care possible. One ap-
proach could be to de ne a weight function that strictly uses only

lygexd®

(23)

7
778
779
780
781
782

796

803
804

camera/light paths; however, this method is quite wasteful since sos
it discards many already sampled paths. A better approach is to s

employmultiple importance samplingV1S).

It is obvious that each path witB, Cvertices can be sampled in
B, C 1dierentways. Each path should have such weight, that
together all weights sum to 1. In Veach's workK][it is described,
that the most e ective way to use MIS, in order to create a weight
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function, is with the power heuristic:

Fo o1y @)

&0 ‘8
where Vis recommended to be 2, according to Veagh[raking
V = 2, Equation (24) reduces to:

n2

Fp.c= § B)(':Bl f L
80

where?gis de ned as the probability density for generating path

Pg.ausing8sub light path vertices an®, C 8camera sub path

vertices.

= (25)
% B T

?g= ?g.8C g'PB.& (26)
and?gis the actual probability with which the path was generated.
According to Veachf], the current value can be settegg = 1 and
the values of the othePgrelative to?g can be computed using ratio:

781 _

781
|
78 2@

@7)

where?g'@ is the probability density of the same path being gen-
erated from the reversed direction, thus calleslzersed PDEnd

! ?8'@ beingforward PDFaccordingly.

According to Gerogiev %], the power heuristic equation (25)
can be split into two parts, determining camera and light weight
independently.

. 1.
FB‘C: I B 1 I B C
g0 7eBC &78.82, 1, g5 1'%8-8C 1°7B.&2 28)
1
- FIight-B 1, 1, Fcamerac 1
where
7813
Fcamera8=! mlF camerag 1, 1°

° (29)

%@
%8
Flight.s= ——'Flights 1, 1°
3T o 19

These weights can all be evaluated progressively during ray tracing
algorithm.

4 BIDIRECTIONAL METHOD:
IMPLEMENTATION

The implementation primarily concentrates on generating light and
eye paths, computing direct illumination, and establishing vertex
connections. Additionally, it includes a rudimentary though still
imperfect implementation of multiple importance sampling.

4.1 The BDPTIntegrator Class and Vertex
Structure

First, we present a high-level overview of the main algorithm be-
fore delving into the details, which form the critical core of the
implementation.

We will follow the convention of adding the new integrator
into include/dirt/integrator.h , and for convenience, the de -
nitions are provided insrc/bdpt.cpp .

Tao etal.

/I integrator.h
class BDPTIntegrator :
public:
hConstructoris
hRender Function

public Integrator {

private:
hBDPT Helper Functians
hBDPT Private Data

We will omit the constructor here. The Render Function should

871
872
873
874
875
876
877
878
879
880

follow the same interface as before, so it will be same as other gg;

integrators.

/I integrator.h
hRender Function
Color3f Li(const Scene &scene, Sampler &sampler,
const Ray3f &ray) const override;

In order to calculate the radiance carried by the inpaty , we
would follow the BDPT strategy. Namely we will do this in 3 steps:

882
883
884
885
886
887
888

trace a camera path, trace a light path, and then connect them.88°
Before adding the helper functions, we need a data structure for 8%

describing the vertices on the light paths. Therefore, we will create
aVertex structure.

/I integrator.h

struct Vertex {
Vec3f wi;
Vec3f wo;
Hitinfo hit;
Color3f emitted;
Color3f throughput;
float pdfFwd;
float pdfRev;

Vertex() = default;

I
Now we can simply describe a path as an array\tdrtexs.

/I integrator.h
hBDPT Helper Functign
vector<Vertex> traceCameraPath
(const Scene &scene, Sampler &sampler,
const Ray3f &ray) const;
vector<Vertex> tracelLightPath
(const Scene &scene, Sampler &sampler) const;
Color3f connect(const Scene &scene,
const vector<Vertex> &camPath,
const vector<Vertex> &lightPath,
size_t s, size_t t) const;

Since we want to calculate the MIS as well, we will add the helper
for computing the MIS.

/I integrator.h
hBDPT Helper Functign
float calculateMIS(const vector<Vertex> &camPath,
const vector<Vertex> &lightPath,
size_t s, size_t t) const;

The BDPTIntegrator, similar as other integrators, will maintain a
private data for the max bounce depth.

/I integrator.h
hBDPT Private Data
int m_maxBounces = 64;
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4.2 Tracing A Camera Path

The camera path starts from a point on the image plane. In fact, the

camera samples a ray on the pixel, and asks the integrator for the

radiance carried by the ray. Therefore, we will have a deterministic

starting point, which is the origin of the input ray from the camera.
The high level algorithm can be described as the following:

/I bdpt.cpp

vector<Vertex> BDPTIntegrator::traceCameraPath

(const Scene &scene, Sampler &sampler,
const Ray3f &ray) const {
vector<Vertex> path;

Ray3f currentRay = ray;

Color3f throughput(1.0f);

Color3f result(0.0f);

float pdfFwd = 1.0f;
float pdfRev = 1.0f;

for(int bounce = 0; bounce < m_maxBounces; ++bounce)

{

hScene Intersection Tiest
hSample Surface
hModify Path Throughput
hRussian Rouleite

b

You can nd the details of each step isrc/bdpt.cpp .

4.3 Tracing A Light Path

The light path follows almost the same steps as the camera path,
except for the rst vertex. The rst vertex of the camera path does
not fall on the lens; however, the rst vertex of the light path falls
on the emitter. This indicates that we need to specially process the

rst vertex.

The high level algorithm can be described as the following:

/I bdpt.cpp
vector<Vertex> BDPTIntegrator::traceLightPath

(const Scene &scene, Sampler &sampler) const {

vector<Vertex> path;
Ray3f currentRay = ray;
Color3f throughput(1.0f);
Color3f result(0.0f);

float pdfFwd = 1.0f;
float pdfRev = 1.0f;

hinitialize the First Vertex in Light Path

for(int bounce = 0; bounce < m_maxBounces; ++bounce)

{

hScene Intersection Tiest
hSample Surface
hModify Path Throughput
hRussian Roulette

b

You can nd the details of each step isrc/bdpt.cpp . We will
elaborate on the process of generating the rst light vertex here.
Evidently, the rst vertex di ers from other edges on the path in
many aspects. For instance, all the other vertices on the path are
sampled on the material surface, while the initial vertex is sampled
directly on the light source. This necessitates a separate process for

2024-04-29 05:48. Page 9 of 1 13.
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calculating the PDF and requires a function that can sample a point 987
on the light source and return the PDF of sampling such a point. 988

In the current project, we are assuming that all the emitters in 989
the scene are di use area light, so we will use the PDF of sampling 990
a direction on the hemisphere above the hit point. However, since 991
we already haveDeltaPoint class in hand, we can also quickly 992

adapt the following part for delta light sources. 993
/I bdpt.cpp 994
hinitialize the First Vertex in Light Path 995
float lightPDF; 996
Vec2f lightSample = sampler.next2D(); 997
Vec3f lightPos = scene.sampleEmitters(lightSample, 998

lightPDF);
Vec3f tmp = randomOnUnitHemisphere(sampler.next2D()); 999
Vec3f lightDir(tmp.x, -tmp.z, tmp.y); 1000
float hemispherePDF = 1.0f / (2.0f * M_PI); 1001
1002

HitInfo initHit;

Ray3f currentRay(lightPos, lightDir): 1003
bool lightHit = scene.intersect(currentRay, initHit); 1004
1005
If('llghtHlt) 1006
/I not hiting, break directly
1007
return path;
1008
Ray3f revertRay(initHit.p, -lightDir, 1009
Epsilon, INFINITY); 1010
lightHit = scene.intersect(revertRay, initHit); 1011
/I should return true but do this for safety 1012
if(lightHit) return path; 1013
1014
Vertex initVertex; 1015
initVertex.hit = initHit; 1016
initVertex.hit.sn = Vec3f(0.f,-1.f,0.f);
initVertex.pdfFwd = hemispherePDF * lightPDF; 1017
initVertex.pdfRev = 1.0f; 1018
initVertex.wi = Vec3f(0.f); 1019
initVertex.wo = lightDir; 1020
initVertex.throughput = throughput;
initVertex.nextThroughput = throughput; 1021
Color3f initEmit = 1022
initHit.mat->emitted(revertRay, initHit); 1023
initVertex.emitted = initEmit; 1024
result = initEmit;
1025
path.push_back(initVertex); 1026
1027
. 1028
4.4 Vertex Connection 1090

The most crucial and intricate part of the BDPT algorithm is con- 5,
necting the camera subpath and light subpath. Once two subpaths 3,
are successfully connected, we can evaluate the radiance carried by 5,
the entire ray using theconnect() function. We will perform the 1033
vertex selection in theti() function, which provides a nested for- 3,
loop that iterates over all the possible combinations @&+ Epaths: 1035
speci cally,B 1vertices on the camera path ar@ 1verticeson ;54

the light path. 1037
4.41 Li() ImplementationWe will start by implementing the %%
Li() which provides the color to the ray tracer program. 1089
1040

/I bdpt.cpp
Color3f BDPTIntegrator::Li Lo
(const Scene &scene, Sampler &sampler, 1042
const Ray3f &ray) const { 1043
1044
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Color3f L(0.f);

vector<Vertex> lightPath =
traceLightPath(scene, sampler);

vector<Vertex> cameraPath =
traceCameraPath(scene, sampler, ray);

for(int s = 1; s <= cameraPath.size(); ++s) {
for(int t = 1; t <= lightPath.size(); ++t) {
int depth = t+s-2;
if((s==1 && t==1) || depth < 0
|| depth > m_maxBounces)
continue;

Color3f contribution =
connect(scene, cameraPath, lightPath,
s-1, t-1);
float misWeight =
calculateMIS (cameraPath,lightPath,s,t);

L += contribution * misWeight;

}

return L;

4.4.2 connect() ImplementationThe only remaining work here
is to actually connect two subpaths. The function issrc/bdpt.cpp .
/I bdpt.cpp
Color3f BDPTIntegrator::connect

(const Scene &scene,

const vector<Vertex> &camPath,

const vector<Vertex> &lightPath,

size_t s, size_t t) const {

Vertex cameraVertex = camPath[s];

Vertex lightVertex = lightPath[t];

Vertex initLight = lightPath[0];

Vec3f connectDir = lightVertex.hit.p - cameraVertex.
hit.p;

Ray3f ray(cameraVertex.hit.p, connectDir);

HitInfo hit;

hvisibility Test
hSpecial Case Handling for (s,t) = (0,0)

Color3f fCamera = cameraVertex.emitted;
Color3f fLight = lightVertex.emitted;

hSpecial Case Handling for (s,t) = {s,0)
hGeneral Case Handling

4.4.3 Visibility TesfThe visibility test is required for computing
the geometric coupling term in all of théBeTcases, and is quite
straightforward using a ray casting method.

If we are testing the visibility from the poink to y, we can shoot
a ray fromxtowardsy. Namely, shoot a ray of form

r@=x, &y

The necessity and su ciency is thatlthe ray should only intersect
with the scene, aC= 1, sincex , 1 ‘xy =y. If a intersection is
found atCY 1, we know that the ray sees something before seeing
y, which indicatesyis occluded by that object viewing from.

Tao etal.

/I bdpt.cpp

hVisibility Test,
bool hitScene = scene.intersect(ray, hit);
if('hitScene) return Color3f(0.f);
if(hit.t < 1.0f - Epsilon) return Color3f(0.f);

4.4.4 Geometric Coupling Terallowing the de nition of geo-
metric coupling term, we will add a helper function to compute
it.

/I bdpt.cpp
hBDPT Helper Functign
float geometryTerm(const Vec3f &nx, const Vec3f &x,
const Vec3f &ny, const Vec3f &y) {
Vec3f connectDir = y - x;
Vec3f norm = normalize(y-x);
float cosTheta_i =
abs(dot(normalize(nx), norm));
float cosTheta_o =
abs(dot(normalize(ny), norm));

return
cosTheta_i * cosTheta_o
/ (length2(connectDir));

4.45 Special Cas@$he special cases follow the exactly process
as what we have discussed in Section 3.7.
/I bdpt.cpp

hSpecial Case Handling for (s,t) = (Q,0)
if(s == 0 && t == 0){

Color3f Le = initLight.emitted;
float g =
geometryTerm(initLight.hit.sn,

initLight.hit.p,

camPath[0].hit.sn,

camPath[0].hit.p);
return Le * g;

}

hSpecial Case Handling for (s,t) = {s,0)
if (t==0) {
Vec3f direction =
initLight.hit.p - cameraVertex.hit.p;
Ray3f shadowRay(cameraVertex.hit.p, direction,
Epsilon, INFINITY);

Hitinfo shadowHit;
bool isHit =

scene.intersect(shadowRay, shadowHit);
Color3f Le =

initLight.hit.mat ->
emitted(shadowRay, shadowHit)
/ initLight.pdfFwd;

float hemispherePDF =
Le *= hemispherePDF;

1.0f / (2.0f * M_PI);

Color3f bsdf =
cameraVertex.hit.mat->
eval(-direction,

normalize(-cameraVertex.wi),
cameraVertex.hit);

float g = geometryTerm(initLight.hit.sn,
initLight.hit.p,
camPath[s].hit.sn,
camPath[s].hit.p);
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Color3f load = cameraVertex.throughput; float wLight = 1.0f; 1219
return Le * bsdf * g * load; for (int i = 1; i <= t; ++i) { 1220
} const Vertex& vertex = lightPath[i]; 1991
wLight = (remapO(vertex.pdfRev) 1999
4.4.6 General Casknd nally the general case. Still, following / remap0(vertex.pdfFwd))
. . . . . * (wLight + 1.0f); 1223
what we have discussed in Section 3.7, we will be able to implement } 129
this part as well. return 1.0f / (1.0f + wLight); 1995
/I bdpt.cpp } 1226
hGeneral Case Handling
. float sum_wlight = 1.f; 1227
Color3f bsdf; - '
if(cameraVertex.hit.mat->isEmissive()) float sum_wcamera = 1.f; 1228
return fCamera; for(int | . ) 1229
or(int 1 = ;1 <=S; I++
’ ’ . 1230
bsdf = cameraVertex.hit.mat-> sum_wcamera; - (rer%apo(c;rrlﬁe}th[Id]f.'r:)ddeev) 1231
eval(cameraVertex.wi, . remap0(camPathl[i].p 'W ) 1232
normalize(connectDir), (sum_wcamera + 1.0f);
cameraVertex.hit); } 1233
1234
Color3f bsdf2 = lightVertex.hit.mat-> for(int i = Il hlt <=t | 1235
eval(lightvertex.wo, sum_wiight =
( ngormalize(connectDir), (remapO(lightPath[i]. pdfRev) 1236
: Y. / remapO(lightPath[i].pdfFwd)) 1237
lightVertex.hit); * (sum._wlight + 1.0f):
— . ’ 1238
Color3f result = lightVertex.throughput } 1239
* cameraVertex.throughput; . 1240
result *= bsdf * bsdf2; return
S i < 1.f / (sum_wlight + 1 + sum_wcamera); 1241
result *= initLight.emitted - -
/ initLight.pdfFwd; 1242
result *= geometryTerm(cameraVertex.hit.sn, } 1243
cameraVertex.hit.p, 1244
lightVertex.hit.sn, .
ontVertex. hit.oy: 5 BIDIRECTIONAL METHOD: RESULTS 1245
' . . . . 1246
Employing the aforementioned implementation, we can success-1247
return result; fully generate a rendering using thBDPTIntegrator. o
. . 1249
4.5 Multiple Importance Sampling o
Obviously, the current.i() function is waiting for the weighting 1251
function to provide the exact weight for each path. Otherwise, 1252
simply averaging the path results or adding them will not reduce the 1253
variance. As what we shown in Section 3.8, since we hpsitRev 1254
and pdfFwdalready computed during the path construction, the 1255
weighting function will be conceptually easy. 1256
/I bdpt.cpp 1257
hBDPT Helper Functign 1258
float BDPTIntegrator::calculateMIS 1259
(const vector<Vertex> &camPath,
const vector<Vertex> &lightPath, 1260
size_t s, size_t t) const { 1261
1262
if (s ==1&& t == 1) 1263
return 1.f;
1264
if (s>1&& t == 1) { 1265
float wCamera = 1.0f; 1266
for (int i = 1; i <= s; i++) { 1267
const Vertex& vertex = camPathli]; . . . 1268
wCamera = Figure 6: Arithmatically Averaged BDPT Cornell Box Scene 160
(remapO(vertex.pdfRev) (128 spp / 64 max depth) using BDPTIntegrator.
| remapO(vertex.pdfFwd)) 1270
* (wCamera + 1.0f); 1271
} Although there are still some inaccuracies in the current imple- 1272

return 1.0f / (wCamera + 1.0f);

) for path construction, and we lack the support for automatically

mentation, such as incorrect shadow shapes and imprecise weightsi273

1274

if (s ==1&& t > 1) { returning the PDF for light sources, these issues can be addressed275
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with an acceptable amount of e ort in future developments. De-
spite these limitations, the current bidirectional path tracer already

Tao etal.

signi cantly enhanced the rendering capabilities of the system. 1335
BDPT+MIS allows for e cient exploration of the path space by 1336

demonstrates some advantages over the traditional stochastic path combining the strengths of both camera and light paths, reduc- 1337

tracer.

Figure 7: Weighted BDPT Cornell Box Scene (128 spp / 64
max depth) using BDPTIntegrator.

Notice the white noises and incorrect shadow positions com-
pared to the below referece image generatedRathTracerMIS

Figure 8: Reference Cornell Box Scene (128 spp / 64 max
depth) using PathTracerMIS

6 CONCLUSION

In conclusion, the implementation dBidirectional Path Tracing
(BDPT) with Multiple Importance Samplingv1S) and the inclu-
sion of delta light sources, such as point lights and spotlights, have

ing variance and improving convergence rates. The incorporation 133s
of delta light sources enables the accurate simulation of common 1339
lighting scenarios found in real-world environments. Point lights 1340
provide a simple yet e ective way to represent omnidirectional 1341
light sources, while spotlights o er directional control and the abil- 1342
ity to create focused illumination. The successful integration of 1343
these techniques has resulted in a robust and versatile rendering13s44
framework capable of producing high-quality images with realis- 1345
tic lighting e ects. The implementation of BDPT+MIS and delta 1346
light sources demonstrates the potential for further advancements 1347
in physically-based rendering and opens up new possibilities for 1348
creating visually compelling and accurate simulations of complex 1349
lighting scenarios. 1350

1351

A RENDERING COMPETITION 1352

For the rendering competition, | rendered a breakfast scene from 13
the author Wig42. The scene objects afajson) le can be found %4
in report/final/Scenes and Jsons .| have rendered using the = °%
Path Tracer with MIS as well as the Bidirectional Path Tracer with 1%
MIS, to show that quality and potential incorrectness in my current 137
implementation. 1358

The following picture is rendered usinBDPTIntegrator with 1359

MIS 1360
1361
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Since the light sampling and PDF is not yet supported by the 1389
current implementation of BDPT, the spotlight in the scene has 13%
been removed from the scene. The following picture is rendered 1391
2024-04-29 05:48. Page 12 of 1 13. 1392

Figure 9: Breakfast Scene (1024 spp / 256 max depth) using
BDPTIntegrator.
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